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Abstract. A rational homogeneous (of degree one) positive real matrix-valued function f(z), z e CY s
presented as the Schur complement of a block of the linear pencil A(z) =z,4, +...4+ 2444 with positive

semidefinite matrix coefficients A . The partial derivative numerators of a rational positive real function
are the sums of squares of polynomials.
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1. Introduction

The long-resolvent Theorem, proved by the author in [3, 4] (see also [5] - [7]), states that
every rational mxm matrix-valued function f(z)= f(z,---,z;) can be represented as the Schur
complement

f(2) = AL(2) ~ A () A (2) A (2) (1.1)
of the block A,,(z) of a linear (m+1)x(m+1) matrix-valued function (linear pencil)

As(2) AlZ(Z)J.

An(2) An(2) 1.2)

A(z)=A+ ;A +...+ 74 Ay :[
If, moreover, f(z) satisfies the additional condition
M) T@Z) =z 2),
i) f@' =1(2),
(iii) f(Azy,--Azy)=A1(z,--24), 21 eC\{0}),

then one can choose matrices A, k=0,1,---,d to be (i) real (resp. (if) symmetric, (iii) such that

A, =0).
Any relation (1.1) is called a long-resolvent representation, since for invertible mxm
matrices f(z) representation (1.1) takes the form

17t
(@)= m(A+ A+ 424 A) T | (1.3)
where 7 =(l,0) is mx(m+I) matrix, and |, is the matrix unit.
There exist many matrix pencil (1.2) representing the same function f(z).

A particular role is a class RB{™™ of mxm matrix-valued functions (1.1) with a
homogeneous positive real matrix pencil A(z) =z A +..+24A;, A =A =A >0, k=1---d,

where positive definiteness is understood in the sense of quadratic forms. Functions of class
RB™M, and only they, are characteristic functions of passive electric 2m-poles (see [4], [8] and
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review [1]), containing ideal transformers and d types of elements (each element of the k -th
type has an impedance z, ).

Suppose f (z) is a function of the class RB;"™™. From (1.1) it follows that
A(2) A, (Z)J( I
Pi(2) Ap(D) )\ -A, ()" A (2)

where w,z e C?, Dd(w)" = (I)(w)T . Then

d
f(2)+f(2)" = kZ(Zk +Z)P(2) A @(2).
=1

F(2)=(1m, —Azl(wazz(w)—l*)[ }cb(w)*A(z) 0(2),

Since A, =0, we have
(iv). f(2)+f(2)*=0 for zeIl?,
where TT1" ={z e C® : Rez >0,---,Rez, >0} is open right poly-halfplane.
Function f(z) is a rational. Than from (iv) it follows that
(v). f(z) is holomorphic on IT1¢.
Any matrix-valued function satisfying conditions (i) - (v) is called a positive real. The class

RP™™ of the rational positive real mxm matrix-valued functions f(z,---,z4) was introduced
by the author in [4] (see also [5]). It's clear that RB{™" < R™™ . The next question is open:

Are conditions (i) - (v) sufficient for belonging rational matrix-valued function f(z) to the
class RB™M?

Else: does a matrix-valued function f(z) e R2™" have a long-resolvent representation with
positive semidefinite matrices A >0, k=1,---,d ?

The case of d =1 is not interesting: the classes RB™™ and RBR™™ coincide and consist of
functions of the form f(z) =z A with mxm matrix A such that A=A"=A>0.If d =2, then

mxm

we also have RB;™™ =RP™M. If d >3, then the question of coincidence of the classes R
and RA™™ has remained open till now, with the exception functions of degree 2 and some
others.

To solve this question, it is required to obtain a convenient characterization of matrix-valued
mxm

functions of the class RB;™™. The necessary conditions for belonging f (z) to the class R
were obtained by the author in [4]: there exist rational real matrix-valued functions @, (z),

k=1,--,d holomorphic on 1% such that ®, (1z) = ®, (z), A € C\{0} and
d
f(z)=> 7,0, (W) D, (2), w,zeC. (1.4)
k=1

The sufficiency of condition (1.4) was proved by Kalyuzhnyi-Verbovetzkyi [17, 18]. He also
obtained characterizations of the form (1.4) for various operator generalizations of the class

RB{™™, as well as for the operator-valued Schur-Agler functions in the unit polydisk. In [2], for
rational matrix-valued Cayley inner Herglotz-Agler functions over the right poly-halfplane was
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obtained long-resolvent representation (1.1) with matrix pencil (1.2), in which the matrix A, is
skew-Hermitian (A; =—A,) and the other coefficients A  are positive semidefinite. Thus, the

mxm

class of Cayley inner rational Herglotz-Agler functions is an extension of the class Rz,

The relation (1.4) requires a representation of non-negative polynomials in the form of a sum
of squares of rational functions that are holomorphic in an open right poly-halfplane. Using
Artin's solution (see [20]) of Hilbert's 17th problem on the representation of a non-negative
rational function of several variables as a sum of squares of rational functions is difficult for two
reasons: Artin's theorem says nothing on the location of the singularities of the functions in the
decomposition, and, moreover, the proof of the existence of the representation is not
constructive. It is interesting to note (J.W. Helton [16]) that each non-commutative “positive”
polynomial is the sum of the squares of the polynomials.

In [19] (1968) T. Koga considered a similar class of positive real functions d variables
(without condition (iii) homogeneity of degree 1). For a given positive function of several
variables, a method for the synthesis of a passive electric circuit was proposed. The T. Koga
synthesis is carried out in two stages.

At the first stage, the positive real function f(z,---,z4), which has a degree n, in each
variable z, , is "replaced” by a positive real function f(gl,---,gn) of degree 1 in each variable
separately. The variables ¢;,---,g,, n=n+...+ny divided into d groups. If the variables of
each k-th group are replaced by a variable z,, then we get the original positive function

f(z,24).

The second stage was based on a modification of Darlington's theorem for functions of
several variables. In the univariate case, the Darlington method (see [21]; [14], Chapter V) is
based on the representation of a non-negative polynomial as a sum of polynomial squares. T.
Koga, as a generalization, suggested

Koga's Sum-of-Squares Lemma. Let f = f(X;,---,X;) be a polynomial with real coefficients,

quadratic in each variable. If f >0 for real x,i=1.---,d, then f :Z’;:lhjz , Where h, are

polynomials linear in each variable and n<2°.

As pointed out in 1976 by N.K. Bose [10], Koga's proof is wrong. A counterexample is the
non-negative polynomial not representable as a sum of polynomial squares constructed by M.-D.
Choi [13]:

F(x,y)= )(123’12 + ngzz + X§y§ —2(% Y1Xo Yo + X Yo Xa Y3 + X Y1 XaY3) + 2()(123’22 + Xzzye? + X§Yf) . (1.5)

It should be noted that polynomial (1.5) cannot appear when synthesizing a positive real
function by the method of T. Koga. In Koga's method the nonnegative polynomial is a partial
Wronskian

op(x oq(x
Fy (9 =W, [0, O] = 9(x) ) poy S22 > g (16)
X« 2
of a pair of polynomials satisfying the condition q(z), p(z) #0 if zeI1°. The polynomial (1.5)
cannot be represented in the form (1.6).

The representation (1.6) strongly narrows the class of polynomials under consideration. In
some cases, behavior of the rational function p(z)/q(z) allows one to analyze the possibility of

representing the Wronskian as a sum of polynomial squares. In particular (see Proposition 8.1), if
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at least one of the non-negative Wronskians W, [q(z), p(z)] cannot be represented as a sum of
polynomial squares, then the function p(z)/q(z) cannot be holomorphic on I1¢ .

Hence follows a statement that "rehabilitates” the synthesis of a positive real function
according to the method of T. Koga.

Sum of Squares Theorem. If P(z)/q(z) e RR™™, then the partial Wronskians

vvzk[q,Plzq(z)%(z)—P(z)agT(z), K=1-d (L.7)
k k

are sums of the squares of polynomials.

This theorem made it possible to prove the main result of this article: the class RA2™™ of

mxm

rational positive real matrix-valued functions coincides with the class RB;"" of matrix-valued
functions that have a long-resolvent representation with positive semidefinite matrices

A=A =A>0 k=1--d.

This paper is organized as follows. In Section 2, we explains the terminology and provide
preliminary information used in the article.

For the sake of completeness of presentation, in Section 3 we recall the simplest properties of
functions of the class RA™™ and properties of the degree reduction operator of a rational
function. A criterion for the positivity of a real multiaffine function is obtained in Theorem 3.7.

In Section 4, we study Artin's denominator properties of nonnegative forms that cannot be
represented as a sum of polynomial squares (PSD not SOS forms). It is proved (Theorem 4.3)
that each PSD not SOS form has a minimal Artin's denominator s(z) with irreducible factors do

not change sign on R? .

Theorem 5.1 (Product Polarization Theorem) is a certain "modification™ of the long-resolvent
Theorem. In particular, Theorem 5.1 provides a convenient representation of the partial
Wronskians.

In Section 6, we study the set of the Gram matrices of a given 2n-form F. The
Representation Defect Lemma is proved (Lemma 6.8).

A representation of product with one positive semidefinite matrix of the pencil is obtained in
Theorem 7.1. The proof is based on Product Polarization Theorem, Representation Defect
Lemma and Artin's Theorem.

The sum of squares Theorem is proved in Section 8 (Theorem 8.2). As a preliminary, in
Proposition 8.1 we study the singularity points of a function with a nonnegative Wronskian that
cannot be represented as a sum of squares of polynomials.

A long-resolvent representation of a rational positive real function with a positive
semidefinite matrix pencil is obtained in Theorem 9.1. This proves that the classes of functions

RA™™and RB{™" coincide.

2. Terminology, Designations and Preliminary Information

Let R[z] be a ring of polynomials in the variables z;,---,z; € C with real coefficients.
We say that p(z) e R[z] is affine in z, if deg, p(z)=1, and we say that p(z) is multiaffine if

itis affine in z, forall k=1,---,d.
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Recall that a circular region is a closed or open proper subset of the complex plane, which is
bounded by circles (straight lines). In particular, the half-plane is a circular region. We need the
following statement about symmetric multiaffine polynomials.

2.1. Grace-Walsh-Szego Theorem (see [12], Theorem 2.12). Let p be a symmetric
multiaffine polynomial in n complex variables, let C be an open or closed circular region in C,
and let z,,---,z, be points in the region C. Suppose, further, that either degp=n or C is

convex (or both). Then there exists at least one point £ € C such that p(z,---,z,) = p(&,--- &) .

Any polynomial p(z) e R[z] is called a form (n-form, a homogeneous polynomial of degree
n)if p(iz,--,4z,)=2"p(z;,"-- 2,), 4 € C. Everywhere below, with the exception of specially
stipulated cases, homogeneous polynomials are considered.

Let a=(d,,04) be a multi-index, where &, are non-negative integers. Then
2% =z{*---z3% is the monomial of degree || =6, +...+ 6, .

Let p; (z) be polynomials. Any matrix P(z) :{pjk(z)}rj“‘k=1 is called a matrix polynomial.
The polynomial P(z) :Z'}"lejz“J , Where the coefficients B; are constant matrices, is called a

matrix-valued form if {z*1}\!, is a set of monomials of degree n in variables z,---,z, .

Polynomials P(z) ={pjk(z)}Tk:1 and q(z) are said to be coprime if for at least one of the
polynomials pj, (z) the polynomials p; (z), g(z) are coprime.

Let f(z)={fjk(z)}rj"1kz1 be a rational matrix-valued function. If g(z) is the common
denominator of the functions f; (z), j,k=1---m, then f,(z)=p;(z)/a(z), where p; (2)
are polynomials. The rational matrix-valued function will be written in the form
f(z)=P(z)/q(z), where P(z):{pjk(z)}r}fk=1 is a matrix polynomial and q(z) is a scalar
polynomial. In fact, division P(z)/q(z) is the standard operation of multiplying of the matrix
P(z) by the number q(z)™.

By definition, put o{f; (2)}}k- / 0z, ={0f s (2) ] o2, } 1.
In the univariate case, coprime polynomials p(z), q(z) have no common zeros. The situation
is different in the case of several variables (the simplest example z,/z,).

Further, Z(p) = {z eC%: p2)= O} means the zero set of the polynomial p(z) eR[z,- -, z4].

2.2. Theorem (see [23], Theorem 1.3.2). Suppose d>1 and p(z), q(z) are coprime
polynomials in d complex variables such that p(0)=q(0)=0. If Q is a neighborhood of zero

in CY, then:
(@) neither of the sets Z(p)NQ and Z(q)(Q is a subset of the other;
(b) for any a e C there exists z € Q such that q(z) #0, p(z)/q(z)=a.

In what follows, such a point will be called an unremovable singularity of the function
f =p/q. A rational function f(z) will be called a regular at a point z, if it is defined and

takes a finite value at the point z,.
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Any matrix A is called real, if A= A, where the bar denotes the replacement of each element
of A by a complex conjugate number. The symbol A" denotes the transposition operation. If A
is a matrix with complex elements, then A" = AT is the Hermitian conjugate matrix.

Any real symmetric mxm matrix A is called a positive semidefinite (A>0) if the inequality
n" An >0 holds for all 7eR™, and a positive definite (A>0) if " Az>0 forall =0.

A matrix-valued form F(z) will be called a PSD form (positive semidefinite) if F(x) >0 for

xeRY. A matrix-valued PSD form will be called a SOS form (sum of squares) if
F(z)=H(z)-H(z)", where the elements of the matrix H(z) (possibly rectangular) are scalar
forms.

Let {z”‘i}?"=1 be the set of all monomials of degree n in variables z,,---,z,. Each 2n-form
F(z) can be represented as
& v m || Z
F(z)=(z*,--,z"V)| + . :o . (2.1)
z'M

anm o A

The matrix Az{ajk}?’,'k:1 is called a Gram matrix of the 2n-form F(z). Gram's matrix is not

uniquely determined by the 2n-form. It is known ([22, Theorem 1]) that PSD form F(z) is a
SOS form if and only if F(z) has a positive semidefinite Gram matrix.

If k is a field, then k(x;,---,X4) denotes the set of rational functions in variables X, -, X
with coefficients from the field k.

2.3. Artin's Theorem (see [20, Ch. XI, Corollary 2]). Let k be a real field admitting only one
ordering, and this ordering is Archimedean. Let, further, f(x)ek(x,---%;) be a rational

function that does not take negative values: f(a)>0 forall a=(a;,---,a4) € k®, in which f(a)
is defined. Then f(x) there is the sum of squares in K(x,--- %4) .[]

Artin's theorem gives a solution to Hilbert's 17th problem. In particular, if F(z) e R[z,,---, 4]
is PSD form, then there exists a form s(z) such that s(z)?F(z) is SOS form. The form s(z) will
be called Artin's denominator of PSD form F(z).

If F(z) is of the SOS form, then s(z)?F(z) is also of the SOS form for each form s(z). The
question arises: if F(z) is not representable as a sum of squares of forms, then for which forms

of s(z)will the form s(z)?F(z) also not be SOS form?

2.4. Proposition (see [15, Lemma 2.1]). Let F(x) be a PSD not SOS form and s(x) an
irreducible indefinite form of degree r in R[x,,--- X;]. Then s*F is also a PSD not SOS form.

Proof. Clearly s?F is PSD. If s’F =Zkhk2, then for every real tuple a with s(a)=0, it

follows that s?F(a)=0. This implies h, (@) =0 Vk (since h, (a)? is PSD), and so on the real
variety s=0, we have h, =0 as well. So (using [9, Theorem 4.5.1]), for each k, there exists g,

so that h, = sg,.This gives F =", g¢ , which is a contradiction. Il
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2.5. Corollary. Let F(x) be a matrix-valued PSD not SOS form and s(x) an irreducible
indefinite form in R[x;,---, X4]. Then s?F is also a PSD not SOS form.

Proof. It suffices to apply the proof of Proposition 2.4 to the diagonal elements of the matrix-
valued form s’F=H()H(x)" .1l

Let [T ={zeC": Re z,>0,---,Rezy >0} be an open right poly-halfplane. Any polynomial
p(z) eR[z, -, z4] is called a polynomial with the Hurwitz property [11, 12], or a stable

polynomial if p(z)=0 on I1%. Any homogeneous stable polynomial is called a Hurwitz form.
An example of the Hurwitz form is the nonzero polynomial

p(z) =det (z,A +...+Z4A), ,&j = AJT =A >0, j=1--d. (2.2)
There exist the Hurwitz forms that cannot be represented in the form (2.2) (see [11]).

The polynomial ring is factorial. Than the Hurwitz form is a product p(z)=]][p,(2)]™ of
the irreducible Hurwitz forms. Each irreducible Hurwitz form p,(z) is indefinite, that is, it

changes sign to R¢ .

3. Positive Real Functions and Degree Reduction Operator

The main object of research in the study of positive real functions is matrix forms of a special
type and the possibility of representing such forms as a sum of squares of forms.

3.1. Proposition. If f(z)=P(z)/q(z) e RR™™, then partial Wronskians

oP(z aq(z
W, [0 P@] =02 22 -P@) L2 k=10 (31)
Z, 0z,
are PSD forms.
Proof. By the condition f(z)+f(z)">0 on I1%, we put A==i. Since f(1z2)=Af(2),
A e C\{0}, it is observed that
WZO, Imz, >0; WSO, Imz, <0, k=21--d. (3.2
i i
Suppose k=1 and X,,---, Xy € R ; then univariate function f(g) = (g, X%,,-+, X4) satisfies the

inequality df (¢)/dc _ 0. From here
ce

oP(x) _P(x )8q(x)

_q(x) (x1)>0 rae X=(X, X, %) R . M
oz, oz,

a(x)——

The following statement allows us to eliminate functions f(z)=P(z)/q(z) e RR™"
satisfying the condition

degZk P(z2) > degZk q(z2). (3.3

3.2. Proposition. Suppose f(z) =P(z)/q(z) e RAR™™ satisfies the assumption of (3.3); then
there exist a positive semidefinite real mxm matrix A and a form P,(z) such that: (a)

deg,, R(z)=deg, a(2); (b) fi(2)=R(2)/a(2) eRR™™; (c) F(2) =z A+ fi(2).
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Proof. The degrees of the numerator and denominator of a positive real function f(z) for
each variable cannot differ by more than 1. Suppose k =1; then there exists a limit

lim 1@ _ A(z,,-24) %0,
71 —>© Zl
where the matrix-valued function A (z,,---,z4) is holomorphic on 1%,
For any Z=(z,, zd)el‘[d‘1 the matrix-values function f(zl)zf(zl,i) satisfies the
inequality f(z)+ f(z) >0, Rez >0. The function f(z) has only simple poles on the

imaginary axis (including the pole at o) and the residues at these poles are positive semidefinite
matrices. Then

res f(z)= lim f(zl)—/s&(z)zo forall 2er®?.

=0 7] >0 Zl B
Since A (2) is holomorphic in TI°*, we see that A(Z)=A >0, where A is a constant matrix.

The function f(zl) satisfies the Schwarz-Pick inequality
fz)+fz) f@)+fe)
L,+7 Z+X

f(z) +f(x) o)+ o)
71 + X1 X1 + X1

>0, (3.4)

where Rez, >0 and x; >0. Limit of (3.4), when X, is tending to +oo , is a matrix
f(z2)+ f(2) A
Z,+7 >0. (3.5
A A
Therefore, we have
f(2)+ f(2)
A=y ) zeg ['m jzo. (3.6)
A AT
It follows from (3.6) that function f,(z) = f(z)— Az satisfies the inequality f,(z)+ f,(z)" >0,
zeIl”. Since f,(12)=Af,(2), 2 eC\{0}, we see that f,(z) e RP™". 1

f@+f(@2)
L +7

Further simplification is based on the use of the degree reduction operator ([19], [12]). In
some cases, this allows us to restrict ourselves in considering multi-affine rational positive real
functions.

An example of a multi-affine k -form is an elementary symmetric polynomial of degree k in
variables ¢, ¢, :

o) = 2 GG, G s k=Lni oplgngn) =1 (3.7)
h <lp <<l
Polynomial (3.7) is th £ nt jal
olynomia ) 1sthe sum O =——— monomials.
y k)~ Ki(n—K)!



Let p(zy,2) bean |-form, where (z,,2) =(z,,2,,--+24) € C**. If deg,, P(zy,2) =1y, then

p(z.2) =kz° b (D)2, (38)
=0

where p_, (z) are (I-k) -forms in variables z,---,z4 . Let, further, ¢;,---,c, be new variables.

n

3.3. Definition. Transformation

-1

0 ) o n

ng:Zpufk(Z)ZS = Zplk(z)[koJ O_k(gli""gno)’ (3.9)
k=0 k=0

is called a degree reduction operator in the variable z,.[]
If f(zy,2)=p(zy,2)/0(zy,2), where deg,, f(zy,2)=ny, then by definition, put

D7 [p(z9.2)]
D7 [a(z,.2)]

Note that the degrees of p(z,,z) and q(z,,z) in the variable z, may differ, but the same

DY [f(z,2)]:= = (660, 2).0 (3.10)

degree reduction operator D’z‘g is applied to the numerator and denominator.

= zg, we see that transformations (3.9) and (3.10) are
G1="=6ny =20

n -1
Since (kOJ O-k(glv""gno)

invertible.

It turns out that the degree reduction operator (3.10) preserves the positive reality of the
function.

3.4. Theorem. If f(zy,2)=P(zy,2)/0(zg,2) eRA;", where the polynomials P(z,,2),
d(zy,z) are coprime and deg, f(z,,2)=ny, then
_ D [P(zy,2)]

DY [a(z,2)]

affine in each of the variables ¢;,---, g, .

f(gli"'!gno ) Z)

is the function of class R,

We will need a few auxiliary statements.

3.5. Proposition. The coprime numerator and denominator of a scalar positive real function
are the Hurwitz forms.

Proof. The homogeneity of the polynomials is obvious. Stability easily follows from a similar
fact for functions of one variable having a nonnegative real part in the right half-plane. &

3.6. Lemma. Let p(z,,z), 2 eCY be a Hurwitz form, where degZO p(zy,2) =ny. Then the
polynomial p(g;,-+, 6y, 2) = D;‘g[p(zo, 2)] is also a Hurwitz form.

Proof. If (2,,---,24) eI1%, than a polynomial P(zy,2) in one variable z, has no zeros in the
right half-plane. We apply the degree reduction operator in the variable z,. By the Grace-Walsh-

Szego Theorem, there exist a point &, Re&>0 such that P(g,-- ¢, 2)= P&, &, 2) =
= p(&,2) #0. The homogeneity of the polynomial p(g,--¢,,2) is obvious.H
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Proof of Theorem 3.4. A matrix-valued function f(z,,z) is positive real if and only if for any
real vector & the scalar function &' f(zy,2) & is positive real. Since addition does not deduce
from the class of positive functions, we see that
P(Z,,2) _ 24.19(2p, 2) + (25, 2)
a(zy,2) a(zo,2)

Zd+1 +

Is a positive real function in variables z,,z;,--+,Z4,Z4,,. Its numerator is Hurwitz form. The
degree reduction operator is additive. By Lemma 3.6, the polynomial

D [24,40(Z,2) + P(Z9,2)] = 24 D2 [A(2, 2)] + D [p(Z5. )] (3.11)
is the Hurwitz form in variables ¢, -+, ¢, , 2, 24, 24,4 - Polynomial (3.11) vanishes at the point
2., :—D;‘g[p(zo, z)]/D’Z‘g [a(z,,2)]. Since the polynomial (3.11) is stable, we see that
Rez§ 1 <0, (G Gyl Zg) €™, Hence  Re(DY[p(z,2)]/ DP[a(z0,2)]) >0,
(gl’“"gno’zl’“.’ Zd) EI—Id+nO -

3.7. Theorem (criterion of positivity). A rational multiaffine real homogeneous
(f(ﬂz):ﬁf(z), AeC\{0}) matrix-values function f(z)=P(z)/q(z) belongs to the class

RA™™ iff all Wronskians W, [q, P]=q(z) 62(2) ~P(2) ag(z) , k=1,---,d are PSD forms.

Proof. The necessity is proved in Statement 3.1. Let us prove the sufficiency. Since f(z) is

multiaffine, we see that
_P(@) _zR(®)+R(2)

f(z.2)= 5 '
q(z)  7,0,(2)+0,(2)
where 2=(2;, 2 1,241 2g) . If 2=% R, than

2R +R(R) ZR(®)+ Pz(R)J:
2,0y (X) + 02 (X) 7, Gy (X) + G (%)

_ 3~ B(R%(R) - P (X)q(X) _ Imz, W, [q,P](X) .
2 a®+e®f  aa®rn®f

Im f(zk,f():%[

Hence Im f(z,,X)>0, Imz >0, for each k=1,---,d (for any real other variables). Therefore
(see [5], theorem 2.4) Imf(z)=0 for zeill®. Since f(z) is homogeneity, we see that
f(z)eRR™™. 1

3.8. Remark. If all Wronskians W, [q, P] are PSD forms, and the function f(z)=P(z)/q(z)

is not multiaffine, then, generally speaking, it is impossible to guarantee that f(z) belongs to
the class RR™™.

4. Artin's Denominators of PSD not SOS Forms

Let F(z) eR[z,--,z4] be a PSD not SOS form. By Artin's theorem, there exists a form s(z)
such that s(z)*F(z) is a SOS form. The form s(z) is called Artin's denominator of F(z).
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4.1. Proposition. Suppose s(z)®F(z) is a SOS form and each irreducible factor of s(z) is an
indefinite form; then F(z) is also a SOS form.

Proof. Assume the converse. Let F(z) be a PSD not SOS form. We decompose the form
s(z) into irreducible factors s(z) =s,(z)---S,,(z), where in the product some factors can occur
several times. Consider the forms

R(2)=5(2)F(2), R(2)=52)F(2), - , Fy(2)=s3(2)Fpa(2). (4.1)

Successively applying Proposition 2.4 to the forms F(z),F(z), -, F,(z), we obtain that the
form F, (z) =s*(z)F(z) is a PSD not SOS form. Contradiction. l

4.2. Definition. Artin's denominator s(z) of a PSD not SOS form F(z) is called a minimal

Artin denominator if a form $(z) =s(z)/s;(z) is not Artin's denominator of the form F(z) for
each of irreducible factor s;(z) of s(z).[]

4.3. Theorem. Let F(z),z eCY be a PSD not SOS form. Then:

(@). There exists a minimal Artin denominator s(z) of F(z);
(b). Each irreducible factor of s(z) does not change sign to R .

Proof. By Artin's theorem, there exists a form r(z) such that r(z)>F(z) there is a SOS form.
Each irreducible factor of the form r(z) is either indefinite or does not change sign on RY. Then
r(z) =s,(2)s, (z) , where all irreducible factors of the form s, (z) do not change sign on R, and
the irreducible factors of the form s,(z) are indefinite. Consider the form F (z) =s+(z)2F(z).
By condition, so(z)2 F(z2) = r(z)>F(z) is a SOS form. The irreducible factors of the form So(2)
are indefinite. Then, by Proposition 4.1, s, (z) is also Artin's denominator of the form F(z).

Removing all "excess" irreducible factors from the form s, (z), we obtain Artin's denominator
s(z) with the required properties. ll

5. Product Polarization Theorem

We need a special representation for the product of two forms. Such a representation is a
certain "modification” of the long-resolvent Theorem.

5.1. Theorem (Product Polarization Theorem). Suppose q(z) is a real form of degree n,

and P(z)" = P(z) is areal mxm matrix-valued form of degree n+1, where z e C? ; then:
(i). There exist real symmetric matrices A, k=1,---,d such that

A)P(D) =P ZA +..+2A)P(@)", ¢.2eC?, (5.1)

where W(z)=(z*1,,--,z°N1.). Here | is the matrix unit, and z*7, j=1--N are all
monomials of degree n in the variables z;,---,Z ;

(ii). The partial Wronskians W,, [a(z2),P(z)] are represented as

oP(2)

Q(Z)E

—P(z)agT(Z):‘P(z)Ak‘P(z)T, K=l-d . (5.2)
k
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The proof of Theorem 5.1 is based on the following statement.

n!
~di(n—d)!
in variables z,---,z4, 1<n<d 1. For any multiaffine monomial z” of degree n+1 there exists

5.2. Lemma. Let z*,z%2,....z°N | N be all multiaffine monomials of degree n

a linear pencil C(z)=2zC, +---+2,C; whose coefficients C; (j=1.---,d) are real symmetric
N x N matrices of rank no more than 2 such that

yAls Zﬁ
a2

(zC,+---+24Cy) Z. = O . (5.3)
Al 0

Proof. We split a set of variables in z”, z* into three disjoint subsets:

(i). Common variables of monomials z**and z”. These variables form the largest common
divisor z7 of monomials z, z7;

(i). Variables in z” not belonging to z*. Denote these variables by odd indices:
2,25, 2y 4. Since degz” =degz™ +1, we see that k >1;

(iii). Variables in z* not belonging to z”. Denote these variables by even indices:
25,24, Iy_y- If k=1, then this subset is empty.

We have
o V. B _ v
7 =2,2,25 Toy g2k o725 TV =0Z3Z5 Ty 32y 47" .
@). If k=1,then 2% =27"; 2/ =27-7" =7,-7", then

z, 0 ... 0) z% z?
0 0 ... 0} z= 0

0 0 ... 0) 0
i.e.,, C(z)=zC,, where C, is a real symmetric matrix of rank 1.

(b). If k>2, then we put

o s oy V4
2 =12,2,25 Zpy_gZpkp " L' ; 2% =325 Iy 32y 2 -
The monomials z°7, j=3,4,---,2k -1 are defined by the formulas
ai _aip Zj-2 .
2z =z7"7".—, j=34,-,2k-1.
z

If i = j, then z% =2z“ and

222 =7", 7,2V = 2,21, =12k =3, 7 ,27%2 =75 7", 7y ;71°%** =77 . (5.4)

From (5.4) follows the identity
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o
0 2z 0 0 O 0 0z, ) ° 25
z 0 -z, 0 0 0 0 o | z° 0
0 -z, 0 z; O 0 0 0 2% 0
Joo0o om0 0 0 0 | z% 0
Sl o 0 0z 0 0 0 0 2% |=| 0
0 0 0 0 0 - 0 2y, 0 |,ms| |0
0 0 0 0 0 - Zy.s 0 —Zok_2 702k-2 0
w 00 0 0 0 -z, O ) (0

We have linear pencil
C(2) =2C +2,Cy ++ 2 4Cpy

whose coefficients C;, j=1,---,2k -1 are a real symmetric matrices of rank 2. Supplementing
the linear pencil C(z) with zeros to the required size, we obtain (5.3).

Proof of Theorem 5.1. Let q(z), P(z) be the forms satisfy the conditions
max{deg,, d(z),deg,, P(2)}=n,, k=1--d.

Applying the degree reduction operators D’z“; , k=1,---,d tothe forms q(z) and P(z), we obtain

the multiaffine forms that satisfy the conditions of the theorem. If Theorem 5.1 is true for the
multiaffine forms, then after identifying the corresponding groups of new variables with the

variables z, , k=1,---,d , we obtain relation (5.1) for the original forms. Therefore, it suffices to
prove Theorem 5.1 for the multiaffine forms.

Let q(z)=Z'j“=1<31jzo’j : P(z):ZLlekzﬂk be the multiaffine forms of degree n and n+1.

By Lemma 5.2, for a fixed monomial z“/, j=1,--- N, and each monomial 2% k=11, there
exists a symmetric real matrix pencil C; (z) such that

o

Z. 0
741 0
Cy(d)| %1 |=| 2/ |=j-throw, k=L--1, j=1--N.
Zaj“‘l 0
A 0

From the coefficients a;, B, of forms q(z), P(z) and pencils C (z) we construct the matrix
pencil

N !
A(Z)=7A +..+74A =D 4, LZCjk(z)@)Bk] (5.5)
1 Lk
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where C®B:{Cjk-B}JN,k:1 is the Kronecker product of the NxN matrix C and the mxm
matrix B . The matrix pencil (5.5) satisfies the condition

i
yA I

aP(2)
A(z) :

(5.6)
N ayP(2)

The properties of reality and symmetry of A(z) are obvious. Multiplying (5.6) on the left by the
matrix (¢*1,,---,¢*N1 ), ¢ e C?, we obtain relation (5.1) for the multiaffine forms. Il

Note that the matrix pencil z A +...+z4A, is not uniquely determined by the forms q(z),
P(z) . An easy analysis shows that the following statement holds.

5.3. Proposition. Under the conditions of Theorem 5.1, the difference of any two matrix
pencils representing the product of forms q(s)P(z) is a matrix pencil z,S; +...4+24S,4 such that

(2,8, +..+245,)¥(2) =0, ¥(2)S,¥(2)" =0.0] (5.7)

6. Gram's Matrices and Representation Defect Lemma

Let F(z), zeC® be a real 2n-form such that deg, F(z)<2n,, k=1--d, and let

M={z" }’j“:l be the set of monomials of degree n satisfying the condition deg,, 2“1 <n <n,
k=1---d.
Suppose the form F(z) has two Gram's matrices A, A,; then for the real matrix S=A - A,
the relation holds
Sll . SlN Zal
(z%,--,z"N) ¢ el i [=0, & . =s.=5.. (6.1)

Snt o S\ zZ

The set of matrices S satisfying (6.1) is a linear space L,. Before considering the
Representation Defect Lemma, we construct a special basis in the linear space L.

6.1. Proposition. In the linear space L, of real symmetric matrices satisfying condition (6.1)
there exists a basis such that each basis matrix has either 3 or 4 nonzero elements at the
intersection of rows and columns corresponding of monomials

2277, 7,277, 7777, (6.2)

7. 7. 72 - Ve
2,77, 7't 77 7,777, 7 #7772, (6.3)
The nonzero submatrices of the corresponding basis matrices are determined by the relations

0 0 -1\ Z%7

(2277, 2,477, zf77)| 0 2 0 z,z7" |=0, (6.4)
-1 0 O Z|227
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0 0 1 0)zz"
(z,2, 72, 7772, 2,77?) (1) g 8 _Ol :;Z =0. (6.5)
0 -10 0)|,,~
6.2. Comment. Relation (6.1) can be conveniently rewritten as
F(z)= i 522" =Y ¢ 2% =0, (6.6)
i,j=1 k
where deg, 2’ <2n,, k=1--,d,and 24 = 2" i=j.
It follows from (6.6) that the elements s;; of the matrix (6.1) satisfy the conditions
> s;=0.0 (6.7)

aj+aj=F
We will need several lemmas.
Let 17, be the set of all unordered pairs 7 =(z,z), z%,z"1 € M such that zz" =2,

where z# =z ...z is a fixed monomial of degree 2n.

6.3. Lemma. Let S =(K,---I;) be a multi-index. Monomial z* =z ---z5¢ € M belongs to
some pair 7 € Il ; iff
max{(, —n),0} < & < min{r,,n}, k=L--d. (6.8)

Proof. If 2z =z# ,where 2% =z ...2{¢, 2 =z} ... 2} € M, then v, =1, -5, . Hence

These inequalities coincide with (6.8). Sufficiency is obvious. ll

5 54

6.4. Definition. If a monomial z%=z2..-z% ...z -.- 234 € M satisfies conditions &, <n,,

o, 21, then a transformation

6r
r

6r+1“
r

51,

9 O ) o
2151...2 ...Z||...de HZfl'-'Z -7 ..de (6.9)

is called an elementary monomial transformation.[]

aj

6.5. Lemma. Suppose monomials z%,z“, z% =z satisfies the assumption (6.8); then:

(i). There exists a chain of pairwise different monomials satisfying conditions (6.8)
“connecting" monomials z% and z“;

(it). Any two neighboring monomials of the chain are related by an elementary
transformation.

Proof. Let z% =z%...z0¢ and z" =z'-.-z}¢ be two different monomials satisfying
condition (6.8). If k; =v;—5;, j=1---d, then

d
—min{r;,n;} <k; < min{r;,;n;} and > k;=0.
i=1
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We represent an integer tuple (K;,---,Ky)in the form of a componentwise sum of the
elementary tuples. Each elementary tuple (mj,---,my) contains only two nonzero components +1
and —1. The numbers +1 are associated with k; >0, and -1 with k; <0. The sequence of the
elementary tuples (m,---,my) corresponds to the sequence of elementary transformations of
monomials. We choose as the initial monomial the monomial z% =z ..-z3¢ . At each step we
obtain a monomial that satisfies conditions (6.8) and does not coincide with the monomials
obtained in the previous steps. At the last step, we get the monomial z“/ =z* ...z} .l

We say that elements 7,7, € II; are connected by an elementary transformation if one of
the monomials of the pair z; is connected by an elementary transformation with one of the
monomials of the pair =, .

Note that any element of (z%,z%)e 11 is uniquely determined by the choice of one of the
monomials of the pair.

6.6. Corollary. If 7, 7, € Il ; and 7, # 7, , then:

(). The set 17, contains a chain of elements that "connects” 7z, and 7, ;
(if). Any two neighboring elements of the chain are related by an elementary transformation.

Proof. It suffices to consider the chain connecting the first monomials from =, 7, .l

6.7. Lemma. If II; contain m=>2 elements, then in the set 17, there exist (m-1) different

pairs {z,7;} such that the elements of each pair are connected by an elementary
transformation.

Proof. Let us assign a finite graph to the set /7, . The vertices of the graph are elements of
the set 17, . The edges of the graph form pairs {z;,z;} of elements connected by an elementary

transformation. By Corollary 6.6, the graph is connected. The graph tree (that is, a connected
subgraph with the same vertices, but without cycles) contains the number of edges one less than
the number of vertices. Since m> 2 and in the graph tree different edges are incident to different
pairs of vertices, the number of different pairs {r;,7;} connected by an elementary

transformation is m—1. 1l
Proof of Proposition 6.1 . If each /7, contains at most one element, then dimL,=0.

Suppose some of the sets /7, contain m>2 elements; then m-1 coefficients s, i< j in the
sum (6.7) can be chosen arbitrary, and the remaining coefficient is determined from the

condition ¢, =0. Thus, such set 77, defines a subspace of dimension m—1 of the space L.
Let us show that in each such subspace there exists a basis formed by the matrices of the form
(6.4) and (6.5).

By Lemma 6.7, in I, there exist m—1 different pairs {z;, z;} of elements such that 7; and

z; are connected by an elementary transformation. The following cases are possible:

(@). One of the elements of a pair {7, 7,}, say =z, has the form =, =(z*,z*), that is
aj

(z%)? = 7. Let the second element of the pair be Ty, = (z“1,z*) and the monomials z% , z
are connected by an elementary transformation. Then there exist a variables z,,z, such that
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R LA PO L R SUNE L 1 ! 9 9 S a _ 49 G- . 50+l 54
Z _Zl er ZI Zd , 27 =7 .er...zl ez, =174 ...Zrl' A 240,
or
ajp _ 2.y o _ ¥ o _ 525y v _ 50 o1 o-1 q
Z' =717, z™ =77, 717 =41, ' =7 '--er ) Ly

This triplet of monomials corresponds to the basis matrix (6.4).
(b). m=(2%,2), 2% £27; 7, =(2",2%), z #z°, and monomials z%, z% are
connected by an elementary transformation. Then there exist variables z,,z such that

51 .
r

q+l

7% =74 Zér---Zfl---ng, Z“':zfl...z Z

&y
1 coe r ...Zd ,

Zaj = Zfl*gl zfr_‘sr z,m_g' Zdﬁd_5d , 7% — Zfl_él Zrﬂr_5r+1 Z|ﬂ|_5|_l Zdﬁd_éd
or
%=z, M=z, M =g77, 1%=117, (6.9)
where 27t =z -~-Zr6r_1-~-2|5' --~Z§d 272 = erl";l ,,,err—5r ,,_Zlfl—é]—l,_,chjd—5d .
In addition z’* = z’2. Otherwise, if z/* =2’2, then 7; =m,. Contradiction. The monomials
(6.9) define the basis matrix (6.5).

Since all pairs {7, 7;} are different, then corresponding (m-1) matrices are linearly
independent. M
6.8. Representation Defect Lemma. Let 2“7, j=1---,N be all monomials of degree n in
variables z;,---,zy such that deg, z” <n,, k=1,---d.
If a symmetric real matrix S, satisfy the conditions
% oMz [ oz
(Zal,"'ZaN )Sd : E0, Sd : EO, (610)
2N oMz [ oz
then there exist the symmetric real matrices S, ,k =1,---,(d —1) for which
7% 0
(S +...+244Sq_1 +24Sg)| : |=]| |- (6.11)

zv ) 0
Proof. Without loss of generality, we can assume that
(2%, 2™) = (23" (2), ¥'(2,24)),
where deg, w(2,z3)<ny -1, and the components of ¢(Z) are different monomials in the

variables (z,---,z4_4) =17 . Dividing the matrix Sy into blocks, from the second relation (6.10)

we obtain
S S |(ngle(2) 0
SIZ SAd 0 '
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T 0 0
Hence S;; =0, S, =0.Then S, = 0 &

J and ' (2,24)Sy w(2,24)) =0.
d

We rewrite (6.11) in block form

N o T
Ao Pp(D)+245 \w(225)) \O

Matrix §d is a linear combination of basis matrices SAO,,j of the form (6.4), (6.5). If there
exists a solution A,(2), A,(2), A,,(2Z) of equation (6.12) for each basis matrix SAd'j, then the
general solution (6.12) will be a linear combination of basic solutions.

The basis matrix (6.4) is determined by the monomials z2z”, z,z,2”, z%z” . By construction,
we have deg, y(Z,z4)<ny—1. Among the components of the vector (z3 o' (2), z//T(i,zd))

there exist monomials z,z,z” and z,zz”. The solution of the equation (6.12) for the basis
matrix (6.4) is the matrix

0 0 0 -z 2z \[Z2&?
0 0 z -z 0 ||z3z47
0 z 0 0 -z4| 2%

e 0022y 0 17727

1l
o

2t7’

For the monomials z,z%, 7z, 72’2, z,2/2 defining the basis matrix (6.5), there exist
monomials z,z"* and z,z’? such that

72

z, 0 0 %?
vl
242

0 0 zz 0 | zz™

Il
o

Zy 0 0 0 —Z4 zvz7l
0 gz -z 0 0 7,27

The general solution of equation (6.12) is a linear combination of such solutions. ll

7. Rational Functions with PSD not SOS Wronskian

It follows from Theorem 5.1 that rational function f (z) = p(z)/q(z) is represented as

(@)= R = S @A A +szj)‘1;(())

Let f(z)=p(z)/q(z) be a rational function with PSD partial Wronskian W, [q, p]. Let us

investigate the possibility of obtaining a representation of the form (7.1) with a positive
semidefinite matrix A >0.

c,zeC?. (7.2)
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7.1. Theorem. Let q(z), p(z), zeC" be real forms, where degp(z)=1+degq(z),
deg,, p(z)=deg, q(z). If partial Wronskian W, [q, p] is a PSD not SOS form with Artin’s
denominator s(z), then:

(). There exists a matrix pencil A(z) =z A +2z,A, +...+24A; With a positive semidefinite
matrix A, >0 such that

(PO _ YO a v@)
D=30 " a@sie BT R B g

aj

G, zZ¢€ cH, (7.2)

where ¥(z) is a row vector of monomials z*' in the variables z,,---,z, satisfying the conditions

degz“! =degq(z)s(z), deg, W(z)=deg, q(2)s(z)=ny;
(ii). Partial Wronskians are represented as

T
@), Y@ 14 (7.3)
s(z) ~ s(2)

Proof. By Theorem 5.1, there exists a real symmetric matrix pencil z,B, +2,B, +...+24By
such that

W [a(2), p(2)]=

a(s)s() p(2)s(2) = W()[zB, + 2,B, +...+ 24B4 ] ¥(2)" , 5,zeC", (7.4)
W, [as, ps]=¥(2) B W(2)", k=1--d. (7.5)

Differentiating (7.4) n, +1 times with respect to the variable z,, we obtain

3" p(z)s(z) " (z)' oM (z)"
s(¢) ——————==(n, +)¥ ———+¥()(zB,+...+ 4By ————— . (7.6
q(s)s(s) e (n +1)¥(5)B, o (©)(zB dBa) oo (7.6)
m+1 m+1 T
By condition, we have uz)ls(z)g , %EO. Using (7.6), we obtain
oz oz
"My (2)'
——=0. 7.7
B, oo (7.7)
The form
o(ps) . 0(as) _ 2, 0P &9
¥(z2)B ¥(2)" =W, [as, ps]=as —ps =s?|qg——p— |=sW, [q,
(2) B Y(z)' =W, [as, ps]=q o, p o, qazl |oaz1 ,[a, p]

is SOS form. The matrix B, is its Gram matrix. Among the Gram matrices of the SOS form,
there exists a positive semidefinite matrix A >0:

W, [as, ps]="¥(2) B,'¥(2)" =¥ (2)A ¥ (2)".

The degree of the SOS form W, [gs, ps] (and hence PSD) with respect to the variable z, is
necessarily even. Then
deg, W(2) A¥(2)" =deg, W, [gs, ps] <2n, -2. (7.8)

It follows from (7.8) that diagonal elements a; of the matrix A corresponding to the

monomials z“! of the vector ¥(z)' containing z are necessarily equal to 0. From the
positive semidefiniteness of A we obtain
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"My (2)'
oz

A 0. (7.9)

By (7.9) and (7.7) it follows that matrix S, = A —B,, S; =S, =S, satisfies the conditions

Mg (7)"
Y(@)s. ¥ =0, 5@ _g
oz
Using Representation Defect Lemma, we get
W() (S, + 2,8, +..+2,54)¥P(2)' =0, ¢,zeC?, (7.10)

where S, , k=2,---,d are the real symmetric matrices. Adding (7.10) to (7.4) and dividing both
sides of the resulting identity by the product q(s)s(s)q(z)s(z) , we obtain (7.2).

The relations (7.3) follow from the identities 32WZk [a, p]=W, [as, ps] = Y(2)AY(2)' .1

8. Sum of Squares Theorem

By H®=il1" ={zeC": Imz, >0, k=1---,d} denote the open upper poli-halfplane. The
closure of HY is ﬂd ={zeC: Im 2, 20, k=1,---,d}. To prove the Sum of Squares Theorem,
we need the following statement.

8.1. Proposition. Let p(z),q(z) € R[z,,---,z4], d >3 be are forms such that:
(i). deg p(z) =1+degq(z);
(ii). deg, p(z)=deg, a(2);

(iii). The partial Wronskian W, [q, p] = q(z)ag—(z)— p(z)ag—(z) is a PSD not SOS form.
4 Z

Then f(z)= p(z)/q(z) has a singularity at some point (z;,z;--,z}) eﬁd, Imz; >0.

First, we prove

8.2. Jlemma. Let sy(z) eR[z,---,24], 05,(z)/ 0z, =0 be a irreducible form that does not
change sign to R?. If the form s,(z) is not a divisor of the polynomial h(z) e R[z,---z4], then
there exists a point z' = (7, X5,--+,Xy), Imzn >0, X;,---,x; € R such that s,(z") =0, h(z') #0.

Proof. Each irreducible form that does not change sign on R® depends on at least two
variables. Since 0sy(z)/ 0z, = 0, we see that deg, s,(z)>2 and there exists a variable z, , k #1

for which ¢s,(z)/ oz, =0.

The form s,(z) is not a divisor of the polynomial h(z). Then there exist xj,---,Xj €R,
<o, k=2,---,d, at least
one zero of the polynomial s;(z;,%,, -+, %4) in the variable z, is not a zero of the polynomial

h(z;,X,, -+, X4). The real zeros of s,(z;,X,,:--,X4) have even multiplicity, and the remaining
zeros form complex conjugate pairs. For an arbitrarily small change in the numbers
Xy, Xy € R (and hence the coefficients of the polynomial), all real multiple zeros split into

& >0 such that for any X,,---, Xy €R satisfying the condition |x, — X
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complex conjugate pairs. Then there exists 7, Imz >0 such that s,(7,X;,---,X;)=0 and
h(rm, X5, %3)=0. 1

Proof of Proposition 8.1. By Theorem 4.3, for PSD not SOS form W, [q, p], there exists a
minimal Artin's denominator s(z):sl(z)"l~--sn(z)kn with irreducible factors s;(z), j=1---n
that do not change sign to R? . There are two alternative possibilities for s(z):

(2). There exists an irreducible factor s;(z) depending on the variable z, ;

(b). Artin's denominator s(z) does not depend on the variable z, .

By Theorem 7.1, there exists a symmetric matrix pencil A(z) =z A +2,A, +...+23A; with a
positive semidefinite matrix A >0 such that

_p(2)  Y(o) P(2)"
M= 00 Ta@se B TR A ooy
Hence we get
Im f(z)= i Imz,®,(z,2), Re f(z) = iRe 2,®0,(2,7), (8.1)
k=1 k=1
)
W, [9(2), p(z)lz[ﬂj(@j , ©.2)
52) )\ s@

where H(z)=\P(z)Al”2 =(h(2),---,hy(2)) and
_ 1 (H@)H@)Y _ 1 (¥(2) ¥(2))
®,(2,7) = . D, (2,7) =  k=2,---d . (8.3
0 |q(z)|2(5(2)][5(2)) (2D |q(z)|2[s(z>jp*[s<z)j )

The following observation is essential. In relation (8.2), the right side is a polynomial (we
cancel s(z)?out of that fraction). If zeR?, then the expressions

o) e S
s(z) )\ s(z) s(z) s(2)
in (8.3) are still polynomials, but if z¢R?, then square of the modulus |s(z)|2 no longer

"cancels out". Then the complex zeros of s(z) can be singularity points for the functions
Re f(z) and Im f(z) in (8.1).

Each irreducible factor s;(z) cannot be a divisor of all elements of the row vector H(z). If
s;(z) is a divisor of all elements H(z), then it follows from (8.2) that $(z) =s(z)/s;(z) is also
Artin's denominator of the Wronskian Wzl[q(z), p(z)]. This contradicts the minimality of s(z).

Let ﬁ(z) denote an element of H(z) for which s;(z) is not a divisor.

Since A =A =A, k=2,--,d, we see that there exist real matrices R, (generally
rectangular) such that A =R J, R, where J, are diagonal matrices with elements +1 on the
main diagonal. Let us introduce the designate ¥(z)R, = (g\¥(2),---, gfkk)(z)) . Then
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o= 5O g %o foPel

—+1, k=2,-d . (84)
_1|q(z)s(z)| a(@)s@)’

Case (a). Let s,(z), 0s,(z)/0z; =0 not be a divisor of an element ﬁ(z) from H(z). By
Lemma 8.2, there exists a point z’=(771'|f<’)eﬁd, Imn >0 such that s(z')=s,(z")=0,
h(z') #0. It follows from (8.1) that
N |hy (@, R)

Im f(z,X)=Imz-®, =Imz->
ilaz, K)s(z,

We obtain lim Im f(z;,X) =+c0. That is, the function f(z) has a singularity at the point
3o

(nl',xé,~~-,x(’,)e7-[ , Imn, >0.

Case (b). Let Artin's denominator s(z) =s(z,,23,--24) be independent of the variable z, .
Without loss of generality, we can assume that 0s,(z)/0z, =0, where S,(z,,---,z4) is an
irreducible factor of s(z). Let s,(z) not be a divisor of an element h(z) from H(z).By Lemma

8.2, there exists 2'= (7, %) e H" , Imz} >0 such that s,(2') =0. We have h(zl, 75, %) =0 for
almost all z; e C, Imz; >0 except for a finite number of points.

Without loss of generality, we can assume that Ren, #0. If Rern;, =0, then instead of the
variable z, consider a new variable 7, =z, -Xx;, x; € R\{0}.

Let us show that for all z; € C,Imz >0, the double limit

A |2
N 1h:(z,2,, X
lim ®,(z,2,,%)= lim ! 22

Ay |2 4 of ‘
Ay Ay la(z,, 2, 2)|" 12l 8(22,%)

(8.5)

either does not exist or is equal +o.

Al

For each z eC, Imz >0 there are two possibilities: either h(z,7,%)=0, or

ﬁ(zl, 15, X") #0. In the first case, by Theorem 2.2, the limit (8.5) does not exist, and in the second
case (8.5) is equal to +oo.

Further reasoning is based on the relations

d
Re f(z,2,, %) =Rez,- ®,(z,,2,, )+ Re z, - @,(7;,2,,X) + D % D, (2, 2,, X') . (8.7)
k=3

d
There are two alternative possibilities for the sum > x,®, (z,,2,,%’) in (8.7):
k=3

(b.1). Foreach z; € C, Imz; >0, Rez #0 double limit

lim Zxkd) (z1,2,,X) (8.8)

Z]_*)Zl k=3
2-m

either does not exist or is equal to +oo;
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(b.2). There exists a finite limit (8.8) at the point z; e C,Imz >0,Rez #0.
Case (b.1). Limit (8.8) either does not exist or is equal to +oo. For Ren;, #0 there exists a

H Gl !’ ! ! R 4 !
point (z;,75,X") such that Imz; >0, Rez =0 and Rezlzle—nflm Z.
mrp,

1ol

Suppose that the function f (z) is regular at the point (z;,75, X) ; then there exist finite limits

lim Im f(z,,2,,%) = lim [Imz,-®,(z,,2,, R) +Imz, - ®,(7,,2,,X)],
n—-y n—-7y
21 277

d
lim Re f(z,z,,X)= lim Rezl~CI)1(zl,zz,>2’)+Re22-CDz(zl,22,2’)+Zx|'(CI)k(zl,22,k’)}.
Zl—)Z]_’ Zl—)Zl! k=3
2712 22712
Since limit (8.8) either does not exist or is equal to +o , we see that

lim [Rez,-®,(z,2,,%)+Rez, - ®,(z,2,, %]
n—-y
-1
must have the same property. From condition Rez; =K -Imz;, where K =(Ren; /Imn;) =0 we
obtain

-y -y
251 251
=(@1/K)- lim [Rez,-®,(z,72,,%) +Rez,-D,(z,2,,%)].
71—
-~
The last limit either does not exist or is equal +co, which contradicts the assumption. The

function f(z) has a singularity at the point (z;,7;,X’) € ﬂd , Imz;>0.
Case (b.2). Let us prove that f(z;,2,,X’) also has a singularity at the point (z,75,X’).

Assume the converse. Then function f;(z,2,)= f(z,2,,%") is continuous at the point
(z1,m3) , i.e., there exist finite limits

lim Re f(z,2,,X), lim Imf(z,2,,X).
n—-y n—-y
27 21

Then rational function f;(z;,2,) is continuous in a sufficiently small neighborhood of the point

d
(zi,m5) . If lim > x®@,(z,2,,%") = A= to0, then (see (8.7), (8.6)) there exist finite limits
zl—>zi, k=3
2212

3—
2

lim [Imz,-®,(z,2,, X)+Imz,-D,(7,2,,%)]. (8.10)

Ty o
Since the double limit (8.5) either does not exist or is equal to +oo, we see that the limits of
the first terms in (8.9) and (8.10) will be the same. By assumption, both limits (8.9) and (8.10)

are finite. Then the points z; and 7; must necessarily satisfy the relations
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Rez; =K-Imz, Ren, =K-Imz;, (8.11)
where K =Ren, /Imn, #0.

Condition (8.11) is violated at point (z],77;), where z/=z/+¢, £ e R\{0}. For each such
point (z/,77,), either limit (8.9) or (8.10) does not exist or is equal to +oo. This contradicts the
continuity of the function f(z;,z,) in a small neighborhood of the point (z;,7;) . The function

f (z) has a singularity at the point (z;,7,,X) € ﬁd , Imz;>0. 1
8.3. Corollary. Proposition 8.1 remains valid if replace scalar form p(z) by mxm matrix
form P(z)=P(2)".
In the proof, one should consider the diagonal elements f,(z) of the matrix-valued function
f(z)=P(2)/q9(z). 1
8.4. Sum of Squares Theorem. If P(z)/q(z) e RR™", then the partial Wronskians
oP oq(z
() _p(22) q( )

0z, 0z,

W, [0, PI=0a(z) —— k=1---d (8.12)

are SOS forms.
Proof. By Proposition 3.1, Wronskians W, [q,P] are PSD forms. If d <2, then each PSD

form is a SOS form. Suppose f(z)=P(z)/q(z) e RR™™, where d >3. By Proposition 3.2, if
deg, P(z)>deg, q(z),then

f(2)=7A+..+24A, + f,(2),
where f,(z)=R(z)/q(z) e RR™™, A 20 and deg, R(z)=deg, q(z), k=1---d.
If W, [a(z), P(2)] are SOS forms and A, =0, then Wronskians

W, [a, P1=a(2)* A +W,, [4(2), ()]

will also be SOS forms.
Let now degZk P(2) =degZk q(z), k=1---,d

Assume the converse. Then at least one of the Wronskians, say W, [q(z), P(z)], is a PSD not

SOS form. By Proposition 8.1, there exists a point z'=(z,,2,,---,z4) eﬁd , Imz, >0 such that
f(z) has a singularity at this point. Since f(z)eRR™™, we see that at each point

(2,25, 24) eﬂd , Imz, >0 the inequality Imf(z,z,,---,z4)=0. Then function f(z) is
regular at each such point. This contradiction proves the theorem. ll

9. Long Resolvent Representations of Positive Real Functions

The following theorem and Corollary 9.2 are the main results of this article.

9.1. Theorem. Let f(z) be a rational function of class R ™. Then:
(@). There exists an (m-+1)x(m+1) matrix pencil
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A4 (2) Atz(z)j 9.1)

Ai(2)  Ap(2)

with are real positive semidefinite matrices A >0, k=1,---,d ;

A(Z) =z A +...+ 74 A :(

(b). The function f(z) has the long-resolvent representation

F(2) = Au(2) ~ A (D) A (2) A (2). (9.2)
9.2. Corollary. RR™™ =RB™™ for each d >1.[]

The proof of Theorem 9.1 is based on the following generalization of Darlington's theorem to
the case of a function of several variables. Recall that a rational function P(z)/q(z) is called

multiaffine if deg, P(z)=deg, q(z)=1, k=1---d.
P(2) _ zR()+PRy(2)

a(z) 76 (2)+0,(2)
W, [q, P]=®,(2)®; (2) be aSOS form. If ®,(2), 2=(z,,--,24) has the size mxr, then

9.3. Proposition. Let f(z)= e RA™™ be a multiaffine function, let

R(Z)  @.(2)
011(2)  91,(2) % (2) 4(2)
5 = - 9.3
o (glz(zf gzz(f)J oL o), &9
w(2) @)

is a multiaffine function of class RP™™(™") and
f(2)=9,(2)- 912(2)(922(2) +7l, )_l 912(2)T : (9.4)
Proof. Representation (9.4) follows from the obvious identity
_ZR@+R@) _R 00
20(D)+%2) & o (z+9%/q)

f(2) (9.5)

Let us prove g(2)eRPM ™0 - The multiaffinity of g(Z) is obvious. According to

Theorem 3.7 (the criterion of positivity), it suffices to prove that the forms F, (2) =a2dg(2)/ oz, ,
k=2,---,d are PSD forms. Since f(z) is multiaffine, we have

P(z2) zzPR+zP,+7P+P,

f(2)= - - el (9.6)
a(z)  2zG +76, +7,4; +4d,
It follows from (9.6) that
. 209(2) [Rd,-PR4 Dy (2)
()= L )z[ e B0
2 D, (2) (G205 — A1,
5 WA O0D .
where @, (2) :(qu1+q2)a——q1q>1 does not depend on the variables z, and z, .
Zy
Let us prove the identity
(F31(j2 - Isqu)(%% _Q1(j4) =D, (2)CDI (2). 9.7)

We obtain
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. X 0D, RN,
D, (Z)CDI (2) :[(ZkQ1+CI2)—a 1 _Q1(D1j[(qu1 L _Q1(DIJ:
Z, 0z,
D]
(kq1+qlqz)( Lof + @, -
Zy Zy

= (7,6, + Q2) a J +G; D@ . (9.8)

Zy a Zy
It follows from (9.6) that

. of (z A oA A A A oA oA oA
,(2)0] (2) = q(2)° aﬁ ) _ 22(6,8 4B + 2 (AP~ 6P, + &Py —oPy) + (P — G,
1

Hence

oD oD
( L] + D, 1j=22k(q3F’1—q1P3)+(q4P1—q1P4+q3Pz—qu’s),
0z, 0z,

oD, 0D, A s
L1 —(§,R-G,P).
&, (4R —G,R)

Substituting the last 3 relations in (9.8), we see that identity (9.7) holds.

Since h=—J :[z +M] =A% o e see that (6,6, —6,G,) is
z1=0 21=0

oq/ oz = 2,0, +6G, 2,0, +6G,

PSD form. Then at X € R%~? we obtain

4.G. —6.6,) 2 )0 0 Im 0
I:I(()A()z{lm @, (6,65 —6,4,) ][ o ][ s )ZO..
0 I 0 (G205 =G0l )\ (G285 —GuGs) @ I,

9.4. Lemma. Suppose f(z) =gy, —01(95 +21,,) " 91, , where

a a -
e T )
02 92 8 Ay %23

An(z) Ap(2))" A;(z)J
f = — , 9.9
(2) = Au(2) - (A, (2) Am,(z))( A A33<z>J L{O’(Z) 9.9)

Then

where
A1(2) Ap(z) As(2) %1 &y G 0 0 O 00 O
AL(Z) An(z) Au(2) |=|al, a, ay |+7(0 l,, 0]+2,]/0 0 O
As(2) Au(2) Au(2) aj; ay d- I, 0 0 0 00 1,

Proof. The identity (9.9) is verified by direct computation. ll

Proof of Theorem 9.1. Suppose f(z)=P(z)/q(z) eRR™™, deg, f(z)=n,, k=1--d.
Without loss of generality (Proposition 3.2), we can consider deg, P(z)=deg, a(z),
k=1,---,d . Applying to the function f(z) Degree Reduction Operator D?E in each variable z, ,
k=1,---,d, we obtain multiaffine function
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f (o n6n) =Pler ) 1 Glsy ) (9.10)

in variables ¢;,---,¢,, N=n +...4+n,. It follows from Theorem 3.4 that f(gl,---,gn) IS a positive
real function. Moreover, deggj If>(g1,---,gn):deggj 4(sy,--»6p) =1, j=21--n.Then

Pls6n) _ aR(©)+R ()
Al v6n)  s1h(6)+0,(3) ’

where ¢,(S) = 0. By Theorem 8.4, there exists a multiaffine mxr, matrix-valued form ®,(¢)
such that

f(g)=

W, [0, P1=PR($)4: () ~ P ($) (6) = @1 (§) Py ()
It follows from Proposition 9.3 that function
R 2,0)
gm@){ 05 () gf?(é)J_ a6 al)
*@) %),
w(2) a2 "

97" 98
belongs to the class RPT (™M) angd

A R " R -1 R
fe 6 =090 -03 (@) (02 @ +al,) 8@

The matrix-valued function g® (&) depends only on (n-1) variables ¢,, ¢, and satisfies
the conditions of Proposition 9.3. Then

[gﬁ)(é) 91%)(5)]:{91(5) gfg)}-[gl(g)][(gég)ﬁng)lr ]_1(gl(§)T gg)T)l
02" 08©@)) (6?7 of) (o9 2

From Lemma 9.4 we obtain

-1
(2 (2) | @1
faea-a?-(a o) S O B %]
o o1,) L 0 al)] (g

where function

2 2 2

91(1) 91(2) 91(3)

2 2)T 2 2
g® =| g2 g£2)|r1 953

)T T 2
0" o @l r

depends only on (n—2) variables g3, -+, ¢, and satisfies the conditions of Proposition 9.3.

Continuing the process, at the (n—1) step we get a positive real matrix-valued function of one
variable ¢, :

-1 -1 -1

gl gl . g Ay A, o A
T -1 -1

oP Ao PP A N

g (=) (gn ) = .

)T =N = T AT
A e P Ao Aoy e Ay
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where A, >0 is real positive semidefinite matrix. We have long-resolvent representation

f o 6n) = As(6) — An(6) A (6) " Au(o)"

A positive real matrix pencil has the form

o 0 .- 0 A, A, - A
[A_H(G) Aiz(G)j_ 0 al, - 0 o b Ay Ay,
A12(§)T Ay (s) : P 5 | P
0 0 gnfllrn—l AJ\ A;-n e A
The degree reduction operator (3.10) is invertible. If the variables of each k -th group are

replaced by the variable z, , then for the original positive function f(z,---,z4) we obtain a long-
resolvent representation with positive semidefinite matrices of pencil. l
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